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A toy model for the pseudogap state of cuprates
Navinder Singh
Physical Research Laboratory, Navrangpura, Ahmedabad-380009 India.∗
A toy model is developed to capture ”dance of pre-formed pairs” in the pseudogap state of high
temperature cuprate superconductors. The model is a crude description of a hypothetical situation
in which spin-driven spatial organization of the pre-formed pairs is analyzed. Within a mean-field
theory (a slight generalization of Bragg-Williams theory) we examined the behaviour of heat capacity
and an ”order parameter” which captures the short range correlations between the pre-formed pairs.
Below a transition temperature these short range correlations enhance and leads to a long range
order (spin-density wave). This is examined through the breakdown of statistical independence.
PACS numbers: 05.20.-y; 64.60.De; 74.72.kf; 05.70.Fh
Model building in physics is a first step towards un-
derstanding real complex physical systems[1]. Here, we
develop an Ising type model and present its mean-field
solution under Bragg-Williams approximation. This toy
model gets inspiration from the pre-formed pair picture of
the pseudogap state of high temperature superconduct-
ing cuprates[2]. In under-doped cuprates, as one lowers
temperature (below some characteristic temperature T ∗),
one gets a phase in which system is not superconducting,
but shows a quasi-particle gap (in specific directions of
the Brillouin zone). This non-superconducting state with
quasi-particle gap is called the pseudogap state (recall
that in simple metals (i.e., describable by BCS theory)
quasi-particle gap and long-range superconducting order
sets in at the same temperature called condensation tem-
perature Tc). This gaped state in cuprates (which sets
at T ∗ > Tc) without long range superconducting order
is quite an elusive state[3]. There are many views on
its origin[4, 5]. In one prominent view this electronic
state(phase) is pictured as a system of pre-formed pairs
but without long-range superconducting order. As one
lowers the temperature below Tc these pre-formed pairs
condense to give d-wave superconducting order(see for
details[4]).
Here we develop a very crude model of the pseudogap
state in which we assume that pre-formed pairs do ex-
ist and they interact with each other (figure (1) shows
one realization from an ensemble). We will see from a
mean-field type solution that below a temperature T0 (a
function of the parameters of the model) some sort of
long range order is established. This is analyzed in de-
tail in the following paragraphs. The phase transition in
this model is the result of a competition between thermal
agitation and pair alignment due to anti-ferromagnetic
exchange interaction. Virtual hoping favors an arrange-
ment in which all the pairs align in one direction. In this
case adjacent spins in each pair (depicted by an arrow
in figure (1)) are anti-parallel to each other and forms a
low energy configuration due to exchange coupling medi-
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ated by virtual hoping. Thermal effects disrupt this and
one has an ensemble of realizations (one is depicted in
figure (1)).
We state at the outset that this picturization of the
pseudogap state is just a very crude description of the
actual state of affairs. Actual physical picture is much
more complex and elusive[3–5]. Thus our interest
here is purely of mathematical curiosity (we en-
joyed a mean-field type solution with slight generalization
of the Bragg-Williams approximation).
Now we develop a mathematical formulation of the
picture. Let NR, NL, NU , and ND be the total num-
ber of pairs (arrows) pointing towards right, left, up,
and down respectively. The total number of pairs is
N = NR + NL + NU + ND. Next comes the energet-
ics which are governed by pair-pair interactions:
H = − ǫ1(NxRR︸ ︷︷ ︸
→→
+NxLL︸︷︷︸
←←
+NyUU︸ ︷︷ ︸
↑
↑
+NyDD︸ ︷︷ ︸
↓
↓
)
− ǫ2(NxUD︸ ︷︷ ︸
↑↓
+NyRL︸︷︷︸
→
←
)
+ ǫ3(N
x
UU︸ ︷︷ ︸
↑↑
+NxDD︸ ︷︷ ︸
↓↓
+NyRR︸ ︷︷ ︸
→
→
+NyLL︸︷︷︸
←
←
)
+ ǫ4(N
x
RL︸︷︷︸
→←
+NyUD︸ ︷︷ ︸
↑
↓
)
+ 0(→↑ +→↓ +←↑ +...) (1)
The first term in the above equation (Eq. (1)) gives
the contribution to total energy due to pair-pair (arrow-
arrow) interaction energy in which pairs (arrows) are
directed in the same direction (right-right and left-left
along horizontal axis, and up-up and down-down along
the vertical axis). Some examples are shown in Fig. (1)
(circled). This energy is−ǫ1 (per pair, and ǫ1 is a positive
quantity). Similarly, the second term gives the energy
contribution due to parallel arrows (up-down along the
horizontal axis , and left-right along the vertical axis).
We do not distinguish between NxUD and N
x
DU etc. The
3rd and 4th terms contribute positive energy as NxUU ,
NxRL etc etc are energetically costly (anti-ferromagnetic
exchange will not favor these configurations). We put the
interaction energy of the pairs like NxRU , N
x
RD, N
x
LD etc
2FIG. 1: A cartoon showing interacting pre-formed pairs. A
pair is depicted by an arrow. Notation is as follows. At
an arrowhead the quantum mechanical expectation value of
a doped hole is pointing in the +ve z-direction (say, the z-
direction is perpendicular to the plane of this paper) and at
a tail it is in −ve z-direction.
etc to zero, the last term in Eq. (1) (i.e., arrows which
are at right angles to each other).
To calculate the partition sum and thermodynami-
cal properties for this system we need to express cross
terms like NxUD, N
y
RL etc in terms of non-cross terms
like in the first term in equation (1). To find these re-
lations we do a construction generally done in the Ising
model[6]. Let us start with an arrow pointing towards
right. Draw two horizontal lines from it, one towards
right of it and the other towards left. Repeat this pro-
cedure for all the pairs pointing towards right. Total
number of lines drawn will be 2NR (two line per right
pointing arrow). There will be two lines between two
adjacent arrows both pointing right (in the horizontal
direction) and one line between two adjacent arrows one
pointing right and the other pointing left, or up, or down.
Thus 2NR = 2N
x
RR +N
x
RL +N
x
RU +N
x
RD. Similar con-
struction can be done in the vertical direction and for
other pairs. Thus we will have a system of simultaneous
linear equations:
2NR = 2N
x
RR +N
x
RL +N
x
RU +N
x
RD
2NR = 2N
y
RR +N
y
RL +N
y
RU +N
y
RD
2NL = 2N
x
LL +N
x
RL +N
x
LU +N
x
LD
2NL = 2N
y
LL +N
y
RL +N
y
LU +N
y
LD
2NU = 2N
x
UU +N
x
RU +N
x
LU +N
x
UD
2NU = 2N
y
UU +N
y
RU +N
y
LU +N
y
UD
2ND = 2N
x
DD +N
x
RD +N
x
LD +N
x
UD
2ND = 2N
y
DD +N
y
RD +N
y
LD +N
y
UD (2)
We need to express cross terms (2nd and 4th lines in
equation (1)) in termrs of non-cross terms like in the
1st and 3rd lines of equation (1). From the above array
(equation (2)) it is clear that we need to know 12 vari-
ables (NxRL, N
x
RU , N
x
RD, N
y
RU , N
y
RD... etc) and we only
have eight equations. System is under-determined. For
the solution, we put a reasonable approximation. Clearly
the following configurations
→←︸︷︷︸
Nx
RL
and
↑
↓︸︷︷︸
Ny
UD
(3)
costs lots of energy (being disfavored by anti-
ferromagnetic exchange). We project out these config-
urations from our ensemble of realizations. For this, we
restrict that kBT << ǫ4 (where kB is the Boltzmann’s
constant and T is the temperature). Thus, in statisti-
cal realizations in an ensemble these configurations will
rarely appear, and we can assume NxRL and N
y
UD ≃ 0.
This projection reduces the unknown variables to 10,
while the system remains under-determined it is possi-
ble to write the second term in equation (1) in terms of
non-cross variables. With simple algebra from equations
(2):
NxUD +N
y
RL = N
x
RR +N
x
LL +N
y
UU +N
y
DD
− NxUU −NxDD −NyRR −NyLL. (4)
With this, the Hamiltonian takes the form:
H(ǫ1, ǫ2, ǫ3;N
x
RR, ...) =
− (ǫ1 + ǫ2)(NxRR +NxLL +NyUU +NyDD)
+ (ǫ2 + ǫ3)(N
y
RR +N
y
LL +N
x
UU +N
x
DD. (5)
The partition function can be calculated by summing
over all possible values that these pairs can take (with
constraints). Formally
3Z(ǫ1, ǫ2, ǫ3;T ) =
∑
Nx
RR
∑
Nx
LL
∑
Nx
UU
∑
Nx
DD
∑
Ny
RR
∑
Ny
LL
∑
Ny
UU
∑
Ny
DD︸ ︷︷ ︸
with constraints
W (NxRR, N
x
LL, N
x
UU ...)e
−βH(ǫ1,ǫ2,ǫ3;NxRR,NxLL,NxUU ,...) (6)
β = 1kBT . To know the constraints and the statis-
tical weight (W ) for given numbers of NxRR...etc is a
formidable task as these non-cross numbers are coupled
through cross numbers dictated by the geometry of the
model. Here we do a simple mean-field approximation;
a slight generalization of the Bragg-Williams approxi-
mation. We assume that (as done in Bragg-Williams
approximation[6, 7]) the number of pairs (near-neighbor)
of right pointing arrows is proportional to the square of
the total number of right pointing arrows:
NRR
2N
=
NxRR
2N
+
NyRR
2N
=
(
NR
N
)2
(7)
The meaning of this is that ”we do not have short range
order apart from that which comes from long-range or-
der” (see for details[6, 7]). We further assume that:
NxRR
2N
= α
(
NR
N
)2
(8)
Here α varies from 0 to 1 (ensemble contains all realiza-
tions of the mixture of NxRR and N
y
RR). Thus
NxRR
NyRR
=
α
1− α (9)
On similar lines we have
NxLL
2N = β
(
NL
N
)2
,
NxUU
2N =
γ
(
NU
N
)2
, and
NxDD
2N = δ
(
ND
N
)2
. By writing NxRR etc
in terms of NR etc the Hamiltonian takes the following
form:
H(ǫa, ǫb;α, ..;NR, ..) = 2N(NR/N)
2(ǫb − (ǫa + ǫb)α)
+ 2N(NL/N)
2(ǫb − (ǫa + ǫb)β)
+ 2N(NU/N)
2(ǫb − (ǫa + ǫb)γ)
+ 2N(
ND
N
)2(ǫb − (ǫa + ǫb)δ)(10)
Where ND = 1− NR+NL+NUN (as N = NR +NL +NU +
ND). And we define ǫa = ǫ1 + ǫ2, ǫb = ǫ2 + ǫ3. After
this mean-field approximation the partition function can
simply be written as:
Z(ǫa, ǫb;T ) =
N∑
NU=0
N−NU∑
NL=0
N−NU−NL∑
NR=0
∫ 1
0
dα
∫ 1
0
dβ
∫ 1
0
dγ
∫ 1
0
dδ
N !
NU !NL!NR!(N −NU −NL −NR)!
e−βH(ǫa,ǫb;α,..;NR,..)
(11)
Integrals can be performed easily and the partition function takes the form:
Z(ǫa, ǫb;T ) =
1
(ǫa + ǫb)4
N∑
NU=0
N−NU∑
NL=0
N−NU−NL∑
NR=0
N !
NU !NL!NR!(N −NU −NL −NR)!
∏
i
e2Nβǫa(Ni/N)
2 − e2Nβǫb(Ni/N)2
2Nβ(Ni/N)2
(12)
Here i takes the values R,L, U , and D, and ND/N
can always be written as 1 − (NR + NL + NU )/N .
Free energy can be calculated from the fundamental
relation of statistical thermodynamics: F (ǫa, ǫb, T ) =
− 1βLog(Z(ǫa, ǫb;T )), and other thermodynamical func-
tions can be easily calculated: internal energy U =
−kBT 2 ∂∂T
(
F
kBT
)
; heat capacity: C = ∂U∂T .
In Fig. (2) we plot a numerical calculation of the heat
capacity per pair (i.e., per arrow) as a function of tem-
perature from equation (12). Three results are plotted
for lattice sizes N = 10 × 10, 13 × 13, and 16 × 16. As
the lattice size increases the peak in the heat capacity be-
comes sharper (in accord with the extended singularity
conjuncture[8]). The peak occurs at around T0 ≃ 731 K
(for ǫ1 = 30meV, ǫ2 = ǫ3 = 20meV ). Below this temper-
ature some kind of long-range order sets in (as analyzed
below). Heat capacity in the ordered phase T < T0 is
larger as compared to disordered phase T > T0, as ex-
pected. We know from the Ginsburg’s argument[10] that
at the critical point mean-field theory fails in 1-D, 2-D,
and in 3-D (fluctuations dominate over the average be-
haviour). Thus in the present case also, true behaviour
at the critical point is not revealed within the Bragg-
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FIG. 2: Heat Capacity C per pair (per arrow) in Joules per
Kelvin as a function of temperature (in Kelvin) for various lat-
tice sizes. Below critical temperature T0 = 731 K long range
order sets in (as analysed below) and heat capacity becomes
larger as compared to disordered phase. In the calculation we
used ǫ1 = 30 meV, ǫ2 = 20 meV , and ǫ3 = 20 meV .
Williams approximation. One has to go beyond it (for ex-
ample by using the renormalization group analysis[11]).
We will see from the fluctuation behaviour of an ”or-
der parameter” that the ordered state is a highly corre-
lated state. This means that the statistical independence
(RF =
√
<f2>−<f>2
<f> ∝ 1√N , where f is some ”order pa-
rameter”) is violated. Above the ordering temperature
(T > T0), statistical correlations break, and various parts
of the system behave independently which leads to the re-
sort of statistical independence. Below the ordering tem-
perature T < T0 we get highly fluctuating phase in which
the Relative Fluctuation (RF) is greater than one! (rms
fluctuations greater than the mean value). This seems
to be independent from the lattice size as analysed be-
low. This is a peculiarity of this phase in this toy model
and may have analogies to the anomalous behaviour of
the pseudogap state of cuprates (i.e., marked deviations
from Fermi liquid behaviour which points towards the
breakdown of adiabatic continuity[9]). We again stress
that this is just a speculation (as no order parameter has
been discovered in the pseudogap state of cuprates).
Next, we analyze the behaviour of an ”order param-
eter” as the temperature is lowered through the tran-
sition temperature. We take < NRR > as an ”order
parameter”. < NRR > is the ensemble average of the
total number of two nearby right pointing arrows (ar-
row pairs) and NRR = N
x
RR(→→) + NyRR(→→ ). We see
from Fig. (3) that in the ordered phase T < T0 the
average of the fraction NRR2N (ratio between < NRR >
and the total number of all possible pairs 2N) is about
1/4. As the temperature is increased above T0 this ra-
tio falls, arrow pairs break (it is 0.06 at T = 1000 K;
thus only 6 percent of the total number of pairs are right
pointing in this regime). In Fig. (3) numerical results
are plotted for three lattice sizes 10 × 10, 13 × 13, and
16 × 16. The transition is sharper with larger lattice
sizes (in accord with extended singularity theorem[8]).
200 400 600 800 1000
T
0.1
0.15
0.2
<NRR>
N=256
N=169
N=100
FIG. 3: Fraction of the average number of right pointing ar-
row pairs <NRR>
2N
as a function of temperature. The model
parameters are: ǫ1 = 30 meV , ǫ2 = ǫ3 = 20 meV .
Thus in the ordered phase typical configurations has
more < NRR > as compared to that in the disordered
phase (T > T0). From this numerical calculation we also
notice that : < NRR − NLL >=< NUU − NDD >= 0
and < NR >=< NL >=< NU >=< ND >= N/4 at all
temperatures. This means that we have equal number of
right and left pointing arrows and also equal number of
arrow pairs (similarly for the up and down directions).
Thus our ”order parameter” < NRR > (< NLL > or
< NUU > or < NDD > can also be used) do not induce
directional inhomogeneity (more pairs in one direction
and lesser in the opposite direction) but it captures the
development of short-range pair correlations which leads
to long range order in the ordered pahse (T < T0)[12] (as
analyzed below). This is the object of our study.
As < NRR >=< N
x
RR > + < N
y
RR > we further ana-
lyze how NxRR(→→) and NyRR(→→ ) behave with temper-
ature and system parameters. Figure (4(a)) shows how
200 400 600 800 1000
T
0.10
0.15
0.20
0.25
< NRRx >
2 N
200 400 600 800 1000
T
1000
3000
5000
< NRRx >
< NRR
y
>
(a) (b)
T=100 K
20 40 60 80 100
Ε2
2000
4000
6000
8000
< NRRx >
< NRR
y
>
T=1000 K
20 40 60 80 100
Ε2
200
400
600
800
< NRRx >
< NRR
y
>
(c) (d)
FIG. 4: The behaviour of < NxRR > and the ratio
<N
x
RR>
<N
y
RR
>
with temperature and with system parameter (ǫ2).
5<NxRR>
2N changes with temperature (this behaviour is sim-
ilar to that depicted in figure (3)). From Fig. (4(b)) we
see that majority of the pairs areNxRR (as
<NxRR>
<Ny
RR
>
∼ 103).
This is in accord with the input Hamiltonian. If we ex-
amine equation (5) we notice that the energy of NxRR is
negative and NyRR pairs is positive (thus →→ are ener-
getically favorable). Figures (4(c)) and (4(d)) depictes
how this ratio behave with ǫ2 (i.e., the negative energy
of anti-parallel pairs). As expected, this ratio increases
with ǫ2 (the parallel arrangement along the y-direction
(→→ ) is energetically disfavored). The trend at low tem-
perature (T = 100 K < T0) is linear but at high temper-
ature (T = 1000 K > T0) there is a break in the slope
(Fig. 4(d)). This is quite elusive. Why should the com-
petition between < NxRR > and < N
y
RR > changes its
nature at ǫ2 ≃ 45 meV (with ǫ1 = ǫ2 = 20 meV )?
Next we analyze the development of long range order.
The fundamental thesis of Bragg-Williams approxima-
tion is: ”we do not have short range order apart from
that which comes from long-range order”. To investi-
gate the development of long-range order from this short
ranged orientational order, as the temperature is low-
ered through T0, we use statistical independence as a
tool. We study the quantity: RF ≡
√
<N2
RR
>−<NRR>2
<NRR>
.
This is the Relative Fluctuation (RF) and is plotted in
Fig. (5) as a function of temperature for three lattice
sizes as shown. We see that T < T0 phase is highly fluc-
200 600 1000 1400
T
0.5
1.
1.5
RF
N=256
N=169
N=100
FIG. 5: Relative Fluctuation (RF) as a function of tempera-
ture for three lattice sizes as indicated in the legend.
tuating (and roughly is lattice size independent). RF is
> 1 in this phase. At T > T0 RF falls with increasing
temperature (Fig. (5)).
For a system with short range interactions (like usual
statistical mechanical systems, for example, gas in a box),
relative fluctuation in some observable, say f , are propor-
tional to 1/
√
N :√
< f2 > − < f >2
< f >
∝ 1√
N
.
Where N is the number of statistically independent units
involved in the system (for example, f could be the to-
tal energy of the gas and N could be the total number
of molecules present in the gas). In Figure (6) we check
that how
√
<N2
RR
>−<NRR>2
<NRR>
varies with < NRR >. From
T=301 K
50 100 150 200
<NRR>
1.5
2.0
2.5
3.0
3.5
4.0
4.5
RF
T=801 K
20 30 40 50
<NRR>
0.6
0.7
0.8
0.9
1.0
1.1
RF
(a) (b)
T=901 K
20 30 40 50
<NRR>
0.35
0.40
0.45
0.50
0.55
0.60
0.65
RF
T =1491 K
20 30 40 50
<NRR>
0.30
0.35
0.40
0.45
0.50
RF
(c) (d)
FIG. 6: Filled circles are RF (< NRR >) =√
<N2
RR
>−<NRR>
2
<NRR>
for three lattice sizes (as mentioned be-
fore) and the line is the least square fit using RF (< NRR >
) = a√
<NRR>
(a is determined by least-square fitting).
figure (6(d)) at T = 1491 K it is clear that Statistical In-
dependence (SI) is obeyed in the disordered phase. The
validity of SI in this regime is the result of the absence
of long range order (various parts of the system behave
statistically independently). As the temperature is low-
ered we start to see deviations from statistical indepen-
dence (figures 6(c) and 6(b)). In the ordered state (say
at T = 301 K < T0) we see that SI is completely vio-
lated (Fig.(6(a))). This clearly is the result of long range
correlations (different parts of the system are statistically
correlated). Thus from this analysis it is clear that the or-
dered state is highly fluctuating and show long range cor-
relations. The number of ordered pairs (short range ori-
entational order–right-right; left-left; up-up; down-down)
increase in the ordered phase which leads to the long
range order. The long-range order is in the form of a
spin density wave. The real space structure is something
like this: two spins in each arrow (one at head and the
other at tail) are roughly a lattice constant away ( 4A˚ in
cuprates) and spins in different arrows could be many lat-
tice spacings away (depending upon doping level). Thus
there exist a fluctuating long range spin arrangement.
Further, this model reduces to simple 2-D Ising model
in the following way. Let us restrict that spins can
point either up or down (no left-right orientation is al-
lowed). Then, the Hamiltonian in equation (10) will
not contain terms of NR and NL and there will be no
distinction (energetically) between NxUU and N
y
UU , thus
γ = δ = 1. The only energy left will be the ferro-
magnetic alignment energy −ǫ1, and also the sum in
equation (11) will be only over NU . The solution, un-
6Onsager Soln
Simple Ising 
Approx.
200 600 1000 1400
T
1.
2.
3.
C10-23
FIG. 7: Comparison of the reduced model with Onsager’s
solution.
der this reduction, reduces to the solution of the simple
Ising model under Bragg-Williams approximation[6, 7].
In Figure (7) we plot specific heat per arrow of this sim-
ple Ising model alongwith the result from Onsager’s so-
lution: COnsager =
2kb
π (βǫ coth(2βǫ))
2(2EllipticK(κ) −
2EllipticE(κ) − (1 − κ′)(π/2 + κ′EllipticK(κ))) with
κ = 2 sinh(2βǫ)
cosh2(2βǫ)
and κ′ = 2 tanh2(2βǫ) − 1. This figure
is the standard result (see figure 15.6 in [6]).
Open Issues: The solution for the model presented
here leaves out many issues. One can do a better job
with Bethe-Peierls approximation, or still better with
Onsager’s like approach. Also the present solution does
not apply at the critical point (as usual with mean-field
solutions). A better job can be done using renormaliza-
tion group study for this model.
In conclusion: an Ising type toy model is developed
in which a ”spin” can point in four possible directions
in a plane. This toy model may have some analogies
to the pre-formed pair picture of the pseudogap state
of cuprate high temperature superconductors (however,
interest here is purely mathematical). We use a slight
generalization of Bragg-Williams mean-field theory to ex-
amine the behaviour of heat capacity and an ”order pa-
rameter” which capture the short range correlations be-
tween the ”spins” (pre-formed pairs). Below a transition
temperature these short range correlations enhance and
leads to a long range order which is examined through
the breakdown of statistical independence.
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